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DERIVED CATEGORIES OF COHERENT SHEAVES ON SOME
ZERO-DIMENSIONAL SCHEMES
ALEXEY ELAGIN AND VALERY A. LUNTS
Abstract. Let XN be the second infinitesimal neighborhood of a closed point in N -
dimensional affine space. In this note we study Db(cohXN ), the bounded derived cat-
egory of coherent sheaves on XN . We show that for N ≥ 2 the lattice of triangulated
subcategories in Db(cohXN) has a rich structure (which is probably wild), in contrast to
the case of zero-dimensional complete intersections. Our homological methods produce
some applications to universal localizations of free associative algebras. These appli-
cations are based on a relation between triangulated subcategories in Db(cohXN) and
universal localizations of a free graded associative algebra in N variables.
1. Introduction
In this note we study bounded derived categories of coherent sheaves on affine Noether-
ian schemes. Compared to more popular derived categories of projective schemes, they
demonstrate quite different properties. For example, Hom spaces in derived categories of
affine schemes are usually not finite-dimensional/of finite type, these derived categories
do not admit nontrivial semi-orthogonal decompositions or interesting autoequivalences.
More concretely, we are interested in thick triangulated subcategories in derived cate-
gories of affine schemes. Can these be classified? The starting point here is a remarkable
theorem by Hopkins and Neeman [Ne92a]:
Theorem 1.1. Let R be a Noetherian ring and X = SpecR. Then there is a bijection
{thick triangulated subcategories in PerfX} ←→ {subsets in X, closed under specialization} ,
T 7→ ZT := ∪F∈T SuppF,
TZ := {F ∈ PerfX | SuppF ⊂ Z} ← Z.
The above bijection restricts to a bijection between thick triangulated finitely generated
subcategories in PerfX and closed subsets in X.
For general affine scheme X there is no classification of thick triangulated subcategories
in Db(cohX). Of course, for affine schemes X such that PerfX = Db(cohX) (for ex-
ample, X can be a regular affine scheme of finite Krull dimension) all thick triangulated
subcategories in Db(cohX) are also described by Theorem 1.1. Also, for some schemes X
there is a classification of thick triangulated subcategories in the category of singularities
Dsg(X) := D
b(cohX)/PerfX.
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This is equivalent to classifying thick triangulated subcategories in Db(cohX) containing
PerfX . For example, one has the following result by R.Takahashi and G. Stevenson for
affine hypersurfaces.
Theorem 1.2 (See [St14, Th. 6.13]). Let R be a Noetherian ring which is locally a
hypersurface (i.e., any localization of R at a prime ideal is isomorphic to a quotient by
a principal ideal of a regular Noetherian ring), let X = SpecR. Then there is an order
preserving bijection between thick triangulated subcategories in Dsg(X) and specialization-
closed subsets in SingX.
There is a generalization of Theorem 1.2 to local complete intersections, see [St14,
Theorem 8.8 and Corollary 10.5].
Consider the “extremal case”: let X be a zero-dimensional connected scheme. Then
PerfX has only two thick triangulated subcategories: 0 and Perf X by Theorem 1.1. Still
Db(cohX) can have quite many ones. In some cases they are classified:
Theorem 1.3 (See [CI15, Th. 5.6, Remark 5.12]). Let k be a field and let R be a complete
intersection ring of dimension zero:
R = k[z1, . . . , zr]/(f1, . . . , fr)
where f1, . . . , fr is a regular sequence in (z1, . . . , zr)
2. Let k[θ1, . . . , θr] be the graded poly-
nomial algebra with deg θi = 1. Denote by Spec
∗
k[θ1, . . . , θr] the set of prime homogeneous
ideals in k[θ1, . . . , θr] with Zariski topology. Then there is a bijection between thick triangu-
lated subcategories in Db(R−mod) and specialization-closed subsets in Spec∗ k[θ1, . . . , θr].
This bijection preserves inclusion of subcategories/subsets. Under this bijection finitely
generated subcategories correspond to closed subsets.
In the cited results the key instrument the establish the bijections is the notion of
support of an object in Db(R−mod). This support is a closed subset in some reasonable
Noetherian topological space (like SingX in Theorem 1.2 or Spec∗ k[θ1, . . . , θr] in The-
orem 1.3). Consequently, the lattice of thick triangulated subcategories in Db(R−mod)
demonstrates tame behavior, as well as the lattice of specialization-closed subsets in the
corresponding topological space does. For example, we have a direct corollary of Theo-
rem 1.3.
Proposition 1.4 (See Proposition 5.1). Let R be a complete intersection ring of dimen-
sion zero as in Theorem 1.3. Then the lattice L(R) of nonzero finitely generated thick
triangulated subcategories in Db(R−mod) has the following properties:
(1) L(R) satisfies the descending chain condition;
(2) there exists the least element Perf R in L(R), let us call minimal elements in
L(R) \ {Perf R} almost minimal;
(3) let T1, T2 ∈ L(R) be almost minimal. Then there exists finitely many (in fact, only
four) elements in L(R) bounded above by 〈T1, T2〉 (that is, only four subcategories
in 〈T1, T2〉): Perf R, T1, T2, 〈T1, T2〉.
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It is believed that in general the structure of the lattice of thick triangulated subcate-
gories in Db(cohX) is wild [Ne].
In this paper we deal with a simpliest zero-dimensional scheme which is not a complete
intersection. For a fixed field k we consider algebras
RN := k[y1, . . . , yN ]/(y1, . . . , yN)
2
and schemes XN = SpecRN for N ≥ 2. We establish some properties of thick trian-
gulated subcategories in Db(cohXN) supporting the belief that the classification of such
subcategories is a wild problem.
Our main results in this direction are the following.
We show that the lattice of thick triangulated subcategories in Db(R−mod) has quite
different behavior for R = RN than for complete intersections from Theorem 1.3. We
have
Theorem A (See Proposition 5.4). Let RN = k[y1, . . . , yN ]/(y1, . . . , yN)
2, N > 2. The
lattice L(RN) of nonzero finitely generated thick triangulated subcategories in D
b(RN−mod)
has the following properties:
(1) L(RN) does not satisfy the descending chain condition.
(2) There exists no least element in L(RN). Category Perf RN is minimal and almost
maximal in L(RN): there are no elements between Perf RN and D
b(RN−mod).
(3) There exist minimal elements T1, T2 ∈ L(RN) such that there are infinitely many
elements bounded above by 〈T1, T2〉 .
A following strengthening of property (1) from Theorem A is possible.
Theorem B (See Theorem 5.10). Let RN = k[y1, . . . , yN ]/(y1, . . . , yN)
2, N > 2. Then
there exists an infinite descending binary tree of embedded finitely generated thick trian-
gulated subcategories in Db(RN−mod).
As a main tool, we use the equivalence of triangulated categories
Db(RN−mod)→ Perf AN ,
where AN denotes the free graded algebra in (non-commuting) variables x1, . . . , xN of
degree 1. Here we consider AN as a dg k-algebra with zero differential and Perf AN is the
triangulated category of perfect dg AN -modules. This algebra AN is hereditary.
To construct examples of subcategories in Db(RN−mod), we use graded AN -modules of
a special kind. For any homomorphism g of free finitely generated graded AN -modules we
denote by Mg the cone of g, it is a dg module over AN . In particular, for a homogeneous
element x ∈ AN we denote by Mx the cone Cone(AN [− deg x]
x
−→ AN). Moreover, any
object in Perf AN is isomorphic to Mg for some homomorphism g as above. For a family
of homogeneous elements X in AN we introduce the notion of X -filtration on a graded
AN -module. Using this notion we determine when a family of dg AN -modules (Mg, g ∈ X )
generates (in Perf AN) a given dg AN -module Mx for a homogeneous x ∈ AN . Under an
important technical condition on X called goodness we prove that Mx ∈ 〈Mg〉g∈X if and
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only if the graded AN -module AN/xAN has an X -filtration (Lemma 4.20) and if and only
if x is a product of a scalar and several elements from X (see Theorems 4.23 and 4.26).
We provide another criterion of generation for modules of the form Mg, in terms of
universal localizations of a free graded algebra in sense of P.Cohn.
Theorem C (See Corollary 6.11). Let x be a homomorphism of finitely generated free
graded AN -modules and let S be a family of such homomorphisms. Then Mx ∈ 〈Mg〉g∈S
if and only if the homomorphism x is invertible over A[S−1].
This criterion is based on a relation between thick triangulated subcategories in Perf AN
and universal localizations of the free graded algebra AN . For any family S of homomor-
phisms of finitely generated free graded AN -modules there is a well-defined homomorphism
of graded algebras λS : AN → AN [S
−1], called universal localization. In Proposition 6.4
we explain that, roughly speaking, the scalar extension functor Perf AN → Perf AN [S
−1]
is isomorphic to the Verdier localization functor
Perf AN → (Perf AN )/〈Mg〉g∈S .
Such results are not new, see for example, [NR04], [CY15] or [KY18]. After our preprint
was published we have learned that a statement equivalent to ours is contained in [CY15,
Prop. 3.5]. Nevertheless we decided to leave our proof (following ideas of [NR04]) in the
paper, as it is quite different from the one given in [CY15].
In view of Theorem C, questions about subcategories in Db(RN−mod) or Perf AN are
equivalent to questions about universal localizations of a free algebra. Once we can solve
some questions on the categorical side, we get some consequences for localizations of
algebras. We do not know if these results can be obtained directly.
Theorem D (See Theorem 7.1 and Corollary 7.2). Let A be a free graded algebra. Let
X ⊂ A be a family of nonzero homogeneous elements. Then there exists a family X˜ ⊂ A
of nonzero homogeneous elements (see Proposition 4.24 for its construction) such that a
homogeneous element x ∈ A is invertible in A[X−1] if and only if
x = λ ·
n∏
i=1
yi for some λ ∈ k
∗, yi ∈ X˜ and n > 0.
Also, the localization A[X−1] is not a zero ring and the canonical map A→ A[X−1] is
injective.
The authors are grateful to Amnon Neeman for valuable discussions and to Xiao-Wu
Chen for making us aware of his paper [CY15].
1.1. Some definitions, conventions and notation. In this paper we work over a fixed
field k. All rings are supposed to be associative and unital, by algebras we always mean
associative unital k-algebras. All graded algebras and rings are Z-graded. A free graded
algebra always means a graded algebra which is freely generated by finitely many non-
commuting elements of degree 1. All modules are right modules.
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Let Λ be a graded algebra. Denote by Homff(Λ) the set of degree preserving homo-
morphisms between finitely generated free graded Λ-modules. For (arbitrary) graded
Λ-modules M,N we denote by Homgrmod−Λ(M,N) the set of degree preserving homomor-
phisms M → N of Λ-modules. We denote
Hom•grmod−Λ(M,N) := ⊕i∈ZHomgrmod−Λ(M,N [i]),
it is a graded vector space. We let Λ∗ be the set of nonzero homogeneous elements in Λ.
We consider Λ as a dg algebra with zero differential, and denote by D(Λ) the corre-
sponding derived category of (right) dg Λ-modules. As usual Perf Λ ⊂ D(Λ) is the full
subcategory of perfect dg modules. Recall that D(Λ) and Perf Λ are triangulated cat-
egories. For a dg Λ-module M we denote by H(M) its cohomology which is a graded
Λ-module.
A full strict subcategory T ′ ⊂ T in an additive category is thick if it is closed under
direct summands that exist in T : for any objects F, F ′ ∈ T such that F ⊕ F ′ ∈ T ′ one
has F, F ′ ∈ T ′.
For a triangulated category T and a family of objects G ⊂ T , define full subcategories
[G]n ⊂ T as follows. Let [G]0 consist of finite direct sums of shifts of objects of G. Let [G]n
consist of objects M ∈ T such that there exists a triangle Mn−1 → M → M0 → Mn−1[1]
with M0 ∈ [G]0,Mn−1 ∈ [G]n−1. Let [G] := ∪i[G]i, it is the smallest full triangulated
subcategory in T containing G. Denote by 〈G〉 ⊂ T the thick closure of [G], it is the
smallest full thick triangulated subcategory in T containing G. It is said to be classically
generated by G.
For a triangulated category T and objects E, F ∈ T we put
Hom•T (E, F ) := ⊕i∈ZHomT (E, F [i]),
it is a graded abelian group. In particular,
End•T (F ) := ⊕i∈ZHomT (F, F [i])
is a graded ring.
For a commutative Noetherian algebra R we consider the bounded derived category
Db(mod−R) of finitely generatedR-modules, and its full subcategory Perf R ⊂ Db(mod−R)
of perfect R-complexes.
2. The schemes we study
Let k be a fixed field. Let N > 2 and put
RN := k[y1, . . . , yN ]/(y1, . . . , yN)
2,
this is a commutative local finite-dimensional algebra. Let
XN := SpecRN .
Sometimes we will omit the index N and write just R and X .
In this note we study the bounded derived category Db(mod−R) = Db(cohX). In
particular, we are interested in thick triangulated subcategories in Db(mod−R).
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It follows from Theorem 1.1 that Perf R has no non-trivial thick triangulated subcate-
gories.
Define dualization functor ∗ : mod−R→ (mod−R)op by taking the dual k-vector space.
We have for a coherent sheaf F on X
F ∗ = Homk(F, k) = HomR(F,R
∗).
This functor is exact, its derived functor is the Grothendieck duality
Db(mod−R)
∼
−→ Db(mod−R)op
coming from the dualizing sheaf R∗.
Let k denote the simple R-module. Then k is a classical generator of Db(mod−R),
one has 〈k〉1 = D
b(mod−R) (and moreover [k]1 = D
b(mod−R)). By Koszul duality, the
graded algebra End•Db(mod−RN )(k) = ⊕i>0 Ext
i
RN
(k, k) is isomorphic to the free associative
algebra k{x1, . . . , xN} in N variables of degree one. To be more accurate, generators xi
of this algebra are dual to the original yi-s. Denote this free associative graded algebra
by AN (or just by A).
Choose any dg enhancement of Db(mod−R) (which is unique by Theorem 8.13 in
[LO10]). Then the dg algebra REndR(k) is quasi-isomorphic to its graded cohomology
algebra A, because the latter is free. It follows that one has an equivalence of triangulated
categories
K : Db(mod−R)
∼
−→ Perf A,
where A is treated as a dg algebra with zero differential. It would be more convenient for
us to use another equivalence
We will consider the equivalence
K ′ : Db(mod−R)
∼
−→ (Perf A)op,
which is the composition of the dualization on X and K. One has
K ′(k) ∼= A, K ′(R) ∼= Hom(k, R∗) ∼= k.
It follows that K ′ restricts to an equivalence
Perf R
∼
−→ Dfd(A)
op,
where Dfd(A) ⊂ D(A) denotes the full subcategory formed by dg modules with finite-
dimensional (over k) cohomology.
3. Modules over free algebras
Let A = AN = k{x1, . . . , xN} be the free graded algebra in N variables, deg xi = 1. The
algebra A has global dimension 1. Moreover A is a free ideal ring: any right or left ideal
in A is free as an A-module. In particular, A has no zero divisors. The algebra A is not
Noetherian for N > 2, but is right graded coherent: any finitely generated homogeneous
right ideal in A is finitely presented. Consequently, the category of finitely presented
graded A-modules is abelian.
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We have a standard
Lemma 3.1 (See [Co71, Prop. 1.2.1]). Let A be a free graded algebra, let M ⊂ N be
graded A-modules. If N is free then M is also free.
The following Proposition is well-known in the non-graded setting, but we prefer to
give a careful proof for the graded case. Following our convention we consider A as a dg
algebra with zero differential, D(A) is the derived category of dg A-modules.
Proposition 3.2. For the free graded algebra A we have:
(1) Any object in M ∈ D(A) is isomorphic to the cone of a homomorphism g : F1 →
F0, where F0 and F1 are free graded A-modules and g ∈ Homgrmod−A(F1, F0) is
an injective homomorphism. In particular, any dg module M ∈ D(A) is quasi-
isomorphic to its cohomology graded module H(M).
(2) In the above notation, if M ∈ Perf A then F0, F1 can be chosen to be finitely
generated free graded A-modules.
(3) A dg A-moduleM is in Perf A if and only if H(M) is a finitely presented A-module.
Proof. (1) Let M be a graded dg A-module with the differential d. Choose a surjection
s : F0 → H(M) for some free graded A-module F0, let F1 be its kernel and g : F1 → F0 be
the inclusion. By Lemma 3.1, F1 is also a free graded A-module. Since F0 is free, s lifts to
a homomorphism f0 : F0 → Z(M) ⊂ M . Similarly, f0g : F1 → M lands in the image of d
and thus lifts to a homomorphism f1 : F1 →M such that f0g = df1. Now f0, f1 determine
a homomorphism of dg A-modules Cone(F1
g
−→ F0)→M which is a quasi-isomorphism.
Since g is injective, Cone(g) is quasi-isomorphic to coker g = H(M) and the second
statement follows.
(3) Assume H(M) is finitely presented, then in the proof of (1) F0 and F1 can be taken
to be free finitely generated. Thus F0, F1 ∈ Perf A and consequently M ∈ Perf A.
Now assume M ∈ Perf A, we need to show that H(M) is finitely presented. Let T ⊂
D(A) denote the full subcategory of dg A-modules with finitely presented cohomology.
We have A ∈ T . Also, T is triangulated. Indeed, since algebra A is graded coherent, the
full subcategory of finitely presented graded A-modules is an abelian and extension-closed
subcategory in the abelian category of all graded A-modules. Therefore is closed under
taking cones and thus triangulated. Also, T is thick. It follows that Perf A = 〈A〉 ⊂ T
and H(M) is finitely presented.
(2) It is clear since H(M) is finitely presented by (3). 
Remark 3.3. Any homomorphism
g : F1 = ⊕
n
j=1Λ[cj ]→ ⊕
m
i=1Λ[di] = F0 ∈ Homff(Λ)
is given by a matrix G ∈ Matm×n(Λ) with Gij ∈ Λdi−cj . Note that not any matrix over Λ
with homogeneous components defines a homomorphism of free modules (for example, the
matrix
(
1 1
1 x
)
does not if deg x > 0). Also note that the matrix G does not determine
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the modules F1 and F0 uniquely (or uniquely up to some shift). Indeed, for G = 0 ∈
Matm×n(Λ) one cannot say anything about grading of F1 and F0.
Definition 3.4. For a homomorphism g : F1 → F0 in Homff(Λ) given by a matrix G we
denote by Mg the cone of g, it is a dg Λ-module. Sometimes we also denote this cone by
MG. In particular, if x ∈ Λ is a homogeneous element of degree d then we denote by Mx
the cone Cone(Λ[−d]
x
−→ Λ).
For future reference we reformulate part of Proposition 3.2 as
Corollary 3.5. Let A be a free graded algebra. Any object in Perf A is isomorphic to a
graded module Mg for some injective g ∈ Homff(A).
Lemma 3.6. Let A = AN be a free graded algebra and M be a finitely presented graded
A-module. Then there exists a free submodule F ⊂ M of finite rank such that M/F is a
finite-dimensional A-module.
Proof. Let d ∈ Z. For a graded A-module L denote by τ>dL the graded A-module defined
as follows
(τ>dL)i := Li for i > d, and (τ>dL)i := 0 otherwise.
Clearly, τ>dL is a submodule of L and the quotient L/τ>dL is finite-dimensional as soon
as L is finitely generated. Also note that τ>d defines an exact functor on the abelian
category of graded A-modules.
The reader is welcome to check that
(3.1) τ>d(A[m]) ∼=
{
AN
d+m
[−d] d+m > 0
A[m] d+m < 0.
By Proposition 3.2, M is the cokernel of an injective homomorphism g : F1 → F0 of
free graded A-modules of finite rank. Now let us take d big enough such that d+m > 0
for any direct summand A[m] in F0 or in F1. Then we have τ>d(F0) ∼= A
a0 [−d] and
τ>d(F1) ∼= A
a1 [−d] for some a0, a1 ∈ Z. The embedding
τ>dg : τ>d(F1) = A
a1 [−d]→ Aa0 [−d] = τ>d(F0)
is given by a rectangular matrix over k, hence it is a split embedding. Therefore F :=
τ>dM ∼= coker(τ>dg) is isomorphic to A
a0−a1 [−d], it is a free graded A-module of finite
rank.
It remains to observe that M/τ>dM is finite-dimensional as noted before. 
4. Modules of the form Mx
In this section we concentrate on subcategories in Perf A generated by one or several
dg A-modules Mx, where x ∈ A is a homogeneous element. Recall that
Mx = Cone(A[−d]
x
−→ A),
where d = deg x. Since A has no zero divisors,Mx is quasi-isomorphic to the cyclic graded
A-module A/xA.
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In this section we find it more useful to use graded modules A/xA instead of dg modules
Mx, but the reader should keep in mind that they define isomorphic objects of the category
Perf A.
In geometrical terms, dg modules Mx ∈ Perf A correspond under the equivalence
K ′ : Db(R−mod)→ (Perf A)op to complexes F ∈ Db(R−mod) such that∑
i
dimH i(F ) = 2.
Some part of the work is done in a more general setting of graded rings with unique
prime decomposition, so called rigid UFD’s (see Section 4.1). Although, the main results
of this section hold only for free graded algebras. For convenience of the reader we try to
use different notation: a general graded algebra is denoted by Λ, whereas A stands for a
free graded algebra.
Lemma 4.1. Let Λ be a graded ring having no zero divisors, let a, b ∈ Λ be homogeneous
elements, deg(a) = d. Then we have the natural short exact sequence of graded Λ-modules
0→ Λ/bΛ[−d]
f
→ Λ/abΛ
g
→ Λ/aΛ→ 0
where f is the left multiplication by a and g is the projection.
Proof. Let g : Λ/abΛ→ Λ/aΛ be the projection, then ker g ∼= aΛ/(abΛ). Left multiplica-
tion by a gives an isomorphism Λ/bΛ[−d]→ aΛ/(abΛ) of graded Λ-modules (since Λ has
no zero divisors). 
Lemma 4.2. Let A be a free graded algebra, let a1, a2, a3 ∈ A
∗ be homogeneous elements.
Then
(1) A/a1a2A ∈ 〈A/a1A,A/a2A〉;
(2) A/a1A ∈ 〈A/a1a2A,A/a2A〉, A/a2A ∈ 〈A/a1a2A,A/a1A〉 ;
(3) 〈A/a1a2A,A/a2a3A〉 = 〈A/a1A,A/a2A,A/a3A〉;
(4) 〈A/an1A〉 = 〈A/a1A〉 for any n > 1.
Proof. Denote di = deg ai.
Lemma 4.1 immediately implies (1),(2) and ⊂ parts of (3) and (4).
For (3), consider the homomorphism
f : A/(a2a3A)[−d1]
a1·−→ A/(a1a2A)
given by left multiplication by a1. One has
ker f = a2A/(a2a3A)[−d1] ∼= A/a3A[−d1 − d2] and coker f = A/a1A
By Proposition 3.2, the cone of f is isomorphic in Perf A to its cohomology, which is
(ker f)[1] ⊕ coker f . Thus A/a1A and A/a3A belong to the l.h.s. in (3). By (2) A/a2A
also does. Hence ⊃ in (3) holds.
(4) follows from (3) by taking a3 = a1, a2 = a
n−1
1 . 
Remark 4.3. Note that Lemma 4.2 also follows readily from Corollary 6.11 and Lemma 6.3
from Section 6.
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4.1. Free algebras as rigid UFD’s. Here we recall some notions related to prime de-
composition in noncommutative rings. We refer to [Co63] for the terminology.
Let Λ be a graded integral domain: that is, a graded associative unital ring with no zero
divisors. The set Λ∗ of nonzero homogeneous elements in Λ is a multiplicative semigroup.
Denote by U(Λ) ⊂ Λ the set of units. We have U(Λ) ⊂ Λ∗ since Λ is a domain.
Elements a, b ∈ Λ∗ are called right (resp. left) associated if a = bu (resp. a = ub) for
some unit u ∈ Λ. Note that right and left associatedness are the same if and only if the
subgroup U(Λ) ⊂ Λ∗ is normal. If this is the case, we will simply use the term associated.
An element a ∈ Λ∗ is called prime if a is not a unit and a is not a product of two
homogeneous non-units.
Definition 4.4. Let Λ be a graded integral domain. We say that Λ is a graded rigid
unique factorization domain (or a graded rigid UFD) if
• the subgroup U(Λ) ⊂ Λ∗ is normal
• the semigroup Λ∗/U(Λ) is (noncommutative) free.
Remark 4.5. By definition, in rigid UFD’s elements are right associated if and only if
they are left associated.
Clearly, nice commutative rings like integers or polynomials over a field are not rigid
UFD’s. What is important for us, free graded algebras are graded rigid UFD’s by [Co71,
Prop. 6.6.3].
One has the following, see [Co63, Th. 7.1] for the non-graded case.
Proposition 4.6. Let Λ be a graded rigid UFD. Then any non-unit in Λ∗ has a factor-
ization into homogeneous primes. If an element a ∈ Λ∗ has two such prime factorizations
a = p1 . . . pr = q1 . . . qs
then r = s and pi is associated with qi for any i.
Definition 4.7. Let Λ be a graded rigid UFD and a ∈ Λ∗. We denote the number of
prime factors of a by l(a) and call it the length of a. Clearly, length has the following
properties:
• l(a) > 0; l(a) = 0 if and only if a is a unit; l(a) = 1 if and only if a is prime;
• l(ab) = l(a) + l(b).
The following lemma is an easy consequence of Proposition 4.6.
Lemma 4.8. Let Λ be a graded rigid UFD (for example, Λ can be a free graded algebra).
Suppose a, b, c, d ∈ Λ∗ and ab = cd. Then either
(1) a = ce, d = eb for some e ∈ Λ∗, or
(2) c = ae, b = ed for some e ∈ Λ∗.
Moreover, if l(a) > l(c) then (1) holds, if l(a) 6 l(c) then (2) holds and if l(a) = l(c) then
e is a unit.
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The following proposition is given as a motivation for Definition 4.10 below. We will
use only part (2) of this proposition.
Proposition 4.9. Let Λ be a graded rigid UFD (for example, Λ can be a free graded
algebra). Fix x, y ∈ Λ∗ and consider the graded modules Λ/xΛ and Λ/yΛ. Then the
following holds:
(1) Hom•grmod−Λ(Λ/xΛ,Λ/yΛ) 6= 0 if and only if x = ca, y = bc for some a, b, c ∈ Λ
∗
with l(c) > 0.
(2) Λ/xΛ is a submodule of Λ/yΛ[i] for some i if and only if y = dx for some d ∈ Λ∗.
If it is the case, the quotient module is isomorphic to Λ/dΛ[i].
(3) Λ/xΛ has a quotient module Λ/yΛ[i] for some i if and only if x = yd for some
d ∈ Λ∗. If it is the case, the kernel is isomorphic to Λ/dΛ.
(4) Λ/xΛ ∼= Λ/yΛ[i] for some i if and only if x and y are associated.
Proof. (1) First, suppose x = ca, y = bc for some a, b, c ∈ Λ∗. Consider the following
composition of natural maps:
(4.1) Λ/xΛ = Λ/caΛ // // Λ/cΛ
b
∼
// bΛ/bcΛ[i] = bΛ/yΛ[i]  // Λ/yΛ[i]
where i = deg b. The composition is nonzero provided that l(c) > 0, this proves “if” part.
Now assume f : Λ/xΛ → Λ/yΛ[i] is a nonzero homomorphism. Choose b ∈ Λ∗ such that
f(1 + xΛ) = b+ yΛ. Then necessarily bx ∈ yΛ, bx = ya for some a ∈ Λ∗. By Lemma 4.8
we have either
• b = yc, a = cx for some c ∈ Λ∗ or
• y = bc, x = ca for some a ∈ Λ∗.
The first case implies that the map f is zero, which contradicts our assumptions. So we
are in the second case. Let f ′ be the homomorphism in (4.1). Then f = f ′ since both
maps send 1+xΛ to b+ yΛ. Since f 6= 0, we have l(c) > 0. This finishes the proof of (1).
Part “if” of (2) follows from (4.1) by taking c = x, a = 1, b = d. For “only if”, use
decomposition (4.1) of an injective homomorphism and note that caΛ = cΛ. Hence a is
a unit and x is right associated to c. By the definition of UFD, x is left associated to c:
c = a′x for some unit a′. Then y = bc = (ba′)x, take d := ba′. Clearly, the quotient is
Λ/bΛ[i] = Λ/dΛ[i].
(3) is proved similarly to (2), (4) follows from (2) and (3). 
4.2. Good sets and good elements. We have found the following notion very useful.
We work here in the setup of graded rigid UFD’s (see Section 4.1) but the only examples
we keep in mind are free graded algebras.
Definition 4.10. Let Λ be a graded rigid UFD, let X ⊂ Λ∗ be a subset. We say that X
is good if there are no units in X and for any x, y ∈ X and any elements a, b, c ∈ Λ∗ such
that
x = ab, y = ca
either
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• a is a unit, or
• x = y and b and c are units.
We say that an element x ∈ Λ∗ is good if the set {x} is good.
Example 4.11. Let A = k{x, y, . . .} be a free algebra.
(1) Elements x, xy, x3y4, x2y3xy, x2yxy2 are good while elements x2, x3, xyx, xyxy, xy2x2y,
are not.
(2) The sets {x, y}, {xy, x2y2}, {x2yxy2, x3y2x2y3, x4y3x3y4} are good while the sets
{xy, yx2}, {x2y3, x3y2}, {x2yxy2, xy4xy}, {xyx2y2, x2y2xy} are not.
For the future use we prove some easy lemmas.
Lemma 4.12. Let Λ be a graded rigid UFD, let x ∈ Λ∗ be an element which is not good.
Then there exist elements y, z ∈ Λ∗ with l(y) > 0 such that x = yzy.
Proof. By the definition, there exist elements a, b, c ∈ Λ∗ with l(a), l(b), l(c) > 0 such that
x = ab = ca. Let n > 0 be the maximal such that a = dbn for some d ∈ Λ∗. We have
x = dbn+1 = cdbn and db = cd. If l(d) > l(b) then by Lemma 4.8 we have d = eb for some
e ∈ Λ∗, a = ebn+1 and n is not maximal, a contradiction. Hence l(d) < l(b). It follows
from Lemma 4.8 that b = ed, c = de for some e ∈ Λ∗. Therefore
x = cdbn = ded(ed)n = d(ed)n+1.
If l(d) > 0 then we can take y := d, z = (ed)ne. If l(d) = 0 then d is a unit, l(e) =
l(b)− l(d) > 0, n > 1 and we can take y := ded, z := (ed)n−1d−1. 
Lemma 4.13. Let X be a good set in a graded rigid UFD Λ.
(1) If two elements a, b ∈ X are associated then a = b.
(2) Let
m1 = x1 . . . xr, m2 = z1 . . . zs, xi, zi ∈ X
be two monomials in X . Assume m1 is associated with m2, then m1 = m2, r = s
and xi = zi for all i.
Proof. (1) We have a = bu for some unit u ∈ Λ∗. Since a = bu, b = 1 · b ∈ X , by
Definition 4.10 we get either that b is a unit (contradiction to Definition 4.10) or that
a = b.
(2) We have
(4.2) x1 . . . xr = z1 . . . zsu
for some unit u ∈ Λ∗. It follows from Lemma 4.8 that either x1 = z1y or z1 = x1y for
some y ∈ Λ∗. Since x1, z1 are not units, Definition 4.10 implies that x1 = z1. Dividing
(4.2) by x1 from the left, we continue the procedure and get that r = s, xi = zi for all i
and hence u = 1. Thus m1 = m2. 
Lemma 4.14. Let Λ be a graded rigid UFD and X ⊂ Λ∗ be a good subset. Let x, y ∈ X .
Assume ax ∈ yΛ for some a ∈ Λ∗. Then either
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(1) a is a unit and x = y, or
(2) a ∈ yΛ.
Proof. We have ax = yb for some b ∈ Λ∗.
If l(a) < l(y) then by Lemma 4.8 we have y = az, x = zb for some z ∈ Λ∗. Since X
is good, we get either that z is a unit (this is impossible since l(z) = l(y)− l(a) > 0) or
x = y and both a and b are units (this is alternative (1)).
If l(a) > l(y) then by Lemma 4.8 we get a = yc for some c ∈ Λ∗, hence a ∈ yΛ and
alternative (2) holds. 
Let Λ be a graded k-algebra. Recall that for graded Λ-modules M and N we denote
Hom•grmod−Λ(M,N) := ⊕iHomgrmod−Λ(M,N [i]).
We finish this section with an easy but important calculation for free algebras.
Lemma 4.15. Let A be a free graded k-algebra. Let X ⊂ A∗ be a good subset and x, y ∈ X .
Then
Homgrmod−A(A/xA,A/yA[i]) =
{
k, x = y, i = 0;
0, otherwise.
,
Hom•grmod−A(A/xA,A/yA) =
{
k, x = y;
0, otherwise.
Proof. Recall that A is a graded rigid UFD. Also, an element a ∈ A∗ is a unit iff deg a = 0
and iff a ∈ k∗.
Let f ∈ Homgrmod−A(A/xA,A/yA[i]). Then as in the proof of Proposition 4.9 f is
the left multiplication by a homogeneous element a ∈ Ai of degree i such that ax ∈ yA.
By Lemma 4.14, either x = y and a is a unit (then i = 0, a ∈ k∗ and f is a scalar
endomorphism) or a ∈ yA and f = 0. 
4.3. X -filtrations. For a set X of elements in an algebra Λ, we introduce the notion
of X -filtration on a Λ-module. For a free graded algebra A we relate X -filtrations of a
module with its generation by modules of the form A/xA, x ∈ X .
Definition 4.16. Let Λ be a graded algebra and X ⊂ Λ∗ be a subset. Let us say that a
graded Λ-module M is X -filtered if there exists a finite filtration
0 = F0M ⊂ F1M ⊂ F2M ⊂ . . . ⊂ FnM =M
by graded submodules such that any quotient FmM/Fm−1M is isomorphic to some shift
of the module Λ/xΛ for some x ∈ X .
Proposition 4.17. Let Λ be a graded rigid UFD (for example, a free graded algebra). Let
X ⊂ Λ∗ be a family and x ∈ Λ∗ be an element. Then Λ/xΛ is X -filtered if and only if
(4.3) x = λ ·
n∏
i=1
yi for some λ ∈ U(Λ), yi ∈ X and n > 0.
14 ALEXEY ELAGIN AND VALERY A. LUNTS
Proof. The “if” part follows from Lemma 4.1. Let us prove the “only if” part.
Assume that the module Λ/xΛ has an X -filtration of length n. If n = 0 then x is a
unit. If n > 0, there exists y ∈ X and i such that Λ/yΛ[i] is a submodule of Λ/xΛ. Then
by part (2) of Proposition 4.9 x = dy for some d ∈ Λ∗ and
(Λ/xΛ)/(Λ/yΛ[i]) ∼= Λ/dΛ.
So replacing x by d we can proceed by induction on n. 
Now we concentrate on free graded algebras (generated by elements of degree 1). Recall
that a free graded algebra is a graded rigid UFD.
Lemma 4.18. Let A be a free graded algebra. Assume that X ⊂ A∗ is a good subset and
the graded A-module M has an X -filtration of length n. Let x ∈ X be an element. Then
there exist homogeneous elements e1, . . . , em ∈M for some 0 6 m 6 n and an X -filtration
FiM of M of length n such that the following holds.
(1) For any i the annihilator of ei in A is xA. Denote Pi = eiA ⊂M , this submodule
is isomorphic to A/xA[di] where di = − deg ei.
(2) The sum ⊕mi=1Pi is direct.
(3) For any i = 1, . . . , m one has FiM = ⊕
i
j=1Pj.
(4) dimkHom
•
grmod−A(A/xA,M) = m.
Proof. We argue by induction in n. The case n = 0 is trivial. For n > 1, assume M has
an X -filtration of length n. Then there exists an exact sequence
(4.4) 0→M ′ →M → A/yA[d]→ 0
for some y ∈ X , d ∈ Z and some graded A-module M ′ admitting an X -filtration of length
n − 1. By the induction assumption for some 0 6 m 6 n − 1 we can choose elements
e′1, . . . , e
′
m ∈ M
′ and an X -filtration FiM
′ of M ′ satisfying properties (1)-(4). Consider
the exact sequence associated with (4.4)
0→ Hom•grmod−A(A/xA,M
′)→ Hom•grmod−A(A/xA,M)
β
−→ Hom•grmod−A(A/xA,A/yA[d]).
If β = 0 then dimkHom
•
grmod−A(A/xA,M) = dimkHom
•
grmod−A(A/xA,M
′) = m and
we can take e′i = ei and FiM = FiM
′ for 1 6 i 6 n − 1, FnM = M . Clearly properties
(1)-(4) hold.
Suppose β 6= 0. It follows then from Lemma 4.15 that Hom•grmod−A(A/xA,A/yA[d]) =
k, x = y and β is surjective. Hence the sequence (4.4) splits and M ∼= M ′ ⊕ A/xA[d].
Then dimkHom
•
grmod−A(A/xA,M) = dimkHom
•
grmod−A(A/xA,M
′) + 1 = m + 1. We can
take e1 to be the generator of A/xA[d], ei = e
′
i−1 for i = 2, . . . , m + 1. Also we take
Fi+1M = A/xA[d]⊕ FiM
′ for i = 0, . . . , n− 1. Again, properties (1)-(4) hold. 
Lemma 4.19. Let A be a free graded algebra. Assume X ⊂ A∗ is a good subset, x ∈ X
and a graded A-module M has an X -filtration of length n. Let f : A/xA[d] → M be
a homomorphism of graded A-modules, f 6= 0. Then f is injective and there exists an
X -filtration F ′iM of M of length n such that F
′
1M = im f .
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Proof. Choose an X -filtration FiM and elements e1, . . . , em as in Lemma 4.18. Obviously,
Hom•grmod−A(A/xA[d],M) = ⊕i{w ∈Mi | wx = 0}.
We claim that
(4.5) ⊕i {w ∈Mi | wx = 0} = 〈e1, . . . , em〉k,
where 〈. . .〉k denotes the k-linear span. Indeed, any ei belongs to the l.h.s. of (4.5) by
Lemma 4.18(1). On the other hand, the vectors e1, . . . , em are linearly independent by
Lemma 4.18(2), hence the dimension of both sides of (4.5) is m (see Lemma 4.18(4)) and
the equality holds.
Now let e 6= 0 be the image of 1 ∈ A/xA[d] under f . Clearly, ex = 0, hence e ∈
e1, . . . , em〉k. Write e =
∑m0
l=1 cleil where ei1 , . . . , eim0 are homogeneous of degree −d,
0 6= cl ∈ k. Renumbering e1, . . . , em, we get a new sequence e
′
1, . . . , e
′
m such that e
′
1 =
ei1 , . . . , e
′
m0 = eim0 . Now we can replace e1 by e. Put P1 = eA, Pi = e
′
iA for i = 2, . . . , m.
From Lemma 4.18(2) it follows that the sum ⊕mi=iPi is direct. Put
F ′iM = ⊕
i
j=1Pj for 1 6 i 6 m, F
′
iM = FiM for m 6 i 6 n,
one checks that F ′iM is also an X -filtration. In particular, f gives an isomorphism
A/xA[d]→ eA = P1 = F
′
1M ⊂M . 
4.4. X -filtrations and generation.
Lemma 4.20. Suppose X ⊂ A∗ is a good family of elements of a free graded algebra A.
Then a graded A-module M belongs to the subcategory 〈A/xA〉x∈X ⊂ Perf A if and only
if M is X -filtered.
Proof. Part “if” is more or less obvious. We prove the “only if” part.
First, we assume thatM ∈ [A/xA]x∈X . Then we can argue by induction in the number
n of copies of shifted modules A/xA, x ∈ X that the module M is built from. For the
induction step, assumeM is quasi-isomorphic the cone C of a morphism f : A/xA[d]→ M ′
in Perf A, where x ∈ X , d ∈ Z and the object M ′ ∈ Perf A is built from n − 1 copies of
shifted modules of the form A/yA, y ∈ X . By Proposition 3.2, we can assume that M ′
is a graded module and by the induction assumption M ′ is X -filtered. Consider the long
exact sequence in cohomology
A/xA[d]
H(f)
−−−→ M ′
δ
−→ H(C)→ A/xA[d+ 1]
H(f)
−−−→ M ′[1].
Clearly, the graded modules M = H(M) and H(C) are isomorphic.
Suppose H(f) = 0, then we get an exact sequence
0→ M ′ → H(C)→ A/xA[d+ 1]→ 0,
it follows that the graded A-module H(C) is X -filtered.
Suppose H(f) 6= 0. Then by Lemma 4.19 H(f) is injective and there is an X -filtration
FiM
′ of M ′ such that imH(f) = F1M
′. There is an exact sequence
0→ A/xA[d]
H(f)
−−−→ M ′
δ
−→ H(C)→ 0,
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hence δ induces an X -filtration on H(C).
Now we consider the general case when M ∈ 〈A/xA〉x∈X . It means that M is a direct
summand of some object in [A/xA]x∈X . By the above special case and Proposition 3.2,
we can assume that M is a direct summand of some graded X -filtered A-module N .
We prove by induction in n that for a graded A-module N = M ⊕ M ′ with an X -
filtration of length n the modules M and M ′ are also X -filtered. The base n = 0 is
trivial.
Now assume that N = M ⊕M ′ has an X -filtration FiN of length n > 1. We have
F1N ∼= A/xA[d] for some x ∈ X , d ∈ Z. Hence Homgrmod−A(A/xA[d], N) 6= 0. Further,
we have
(4.6)
Homgrmod−A(A/xA[d], N) ∼= Homgrmod−A(A/xA[d],M)⊕ Homgrmod−A(A/xA[d],M
′).
It follows that at least one summand in the r.h.s. of (4.6) is nonzero, we can assume
that Homgrmod−A(A/xA[d],M) 6= 0. Choose a nonzero homomorphism f : A/xA[d]→ M
of graded modules. Then f : A/xA[d] → N is also nonzero. By Lemma 4.19, there
exists an X -filtration F ′iN of length n such that F
′
1N = im f
∼= A/xA[d]. It follows that
F ′1N ⊂M . Passing to the quotients, we have N/F
′
1N = (M/F
′
1N)⊕M
′ and N/F ′1N has
an X -filtration of length n − 1. By the induction assumption, we get that M/F ′1N and
M ′ are X -filtered. Since F ′1N
∼= A/xA[d], the module M is also X -filtered. 
Lemma 4.21. Let x ∈ A be a good element of a free graded algebra and M be a nonzero
graded {x}-filtered A-module. Then A/xA ∈ 〈M〉.
Proof. We argue by induction in the length n of {x}-filtration. For n = 1 we have
M ∼= A/xA[d] for some d and there is nothing to prove. In general, let 0 ⊂ F1M ⊂ . . . ⊂
Fn−1M ⊂ FnM =M be the filtration such that FiM/Fi−1M ∼= A/xA[di] for i = 1, . . . , n
and some integers di. Consider the composition f of the following maps
M →M/Fn−1M ∼= A/xA[dn] = A/xA[d1][dn − d1] ∼= F1M [dn − d1]→ M [dn − d1].
By Proposition 3.2, the cone C of f is quasi-isomorphic to the direct sum coker f ⊕
(ker f)[1]. It follows that
Fn−1M ∼= ker f ∈ 〈M〉.
Since the module Fn−1M has an {x}-filtration of length n−1, by the induction assumption
A/xA ∈ 〈Fn−1M〉 and we are done. 
Lemmas 4.20 and 4.21 combine into
Proposition 4.22. Let x ∈ A be a good element in a free graded algebra. Then the
category 〈A/xA〉 has no non-trivial thick triangulated subcategories.
Using Proposition 4.17 we get
Theorem 4.23. Let A be a free graded algbera. Let X ⊂ A∗ be a good subset and x ∈ A∗
be an element. Then
A/xA ∈ 〈A/yA〉y∈X
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if and only if
x = λ ·
n∏
i=1
yi for some λ ∈ k
∗, yi ∈ X and n > 0.
Proof. Use Proposition 4.17 and Lemma 4.20. 
One can generalize Theorem 4.23 to arbitrary (not necessarily good) subsets. To do
this, we need to substitute an arbitrary subset in A∗ by a good one.
Proposition 4.24. Let A be a free graded algebra and X ⊂ A∗ be a subset. Then there
exists a good subset X˜ ⊂ A∗ such that
(4.7) 〈A/xA〉x∈X = 〈A/xA〉x∈X˜ as subcategories of Perf A.
Proof. We put T := 〈A/xA〉x∈X . This is a thick triangulated subcategory of Perf A.
Define
Y := {x ∈ A∗ | A/xA ∈ T}
and
Z := {x ∈ Y | if x = yz with y, z ∈ Y , then y or z is a unit in A}
Obviously 〈A/xA〉x∈Y = T and 〈A/xA〉x∈Z ⊂ T . We claim that in fact 〈A/xA〉x∈Z =
T . Indeed, it suffices to prove that for every y ∈ Y we have A/yA ∈ 〈A/xA〉x∈Z . If
y ∈ Z there is nothing to prove. Otherwise, there exists a factorization y = y1y2, with
y1, y2 ∈ Y and l(y1), l(y2) > 0. It follows from Lemma 4.2(1) that A/yA ∈ 〈A/xA〉x∈Z if
A/y1A,A/y2A ∈ 〈A/xA〉x∈Z . Hence we are done by induction on l(y).
For x, y ∈ A∗, put x ∼ y if x and y are associated. Choose a subset X˜ ⊂ Z which
contains exactly one element from every ∼ equivalence class in Z. Clearly
〈A/xA〉x∈X˜ = 〈A/xA〉x∈Z = T
We claim that the set X˜ is good. Indeed, assume by contradiction that there exist
elements x, y ∈ X˜ such that the set {x, y} is not good.
Case (1): x = y. Then by Lemma 4.12 there exist s, t ∈ A∗ with l(s) > 0 and x = sts.
It follows from Lemma 4.2(3) (take a1 = st, a2 = s, a3 = ts) that A/sA,A/tsA,A/stA ∈
〈A/stsA〉 ⊂ T . It follows that s, ts ∈ Y and hence x = sts /∈ Z — a contradiction.
Case (2): x 6= y. In this case we have
x = ab, y = ca
such that l(a) > 0. As above, by Lemma 4.2(3) A/aA,A/bA,A/cA ∈ T . It follows that
a, b, c ∈ Y . By definition of Z we have that b, c are units. Hence x and y are associated,
a contradiction.
So the set X˜ is good, which completes the proof of Proposition 4.24. 
Example 4.25. For the sets from Example 4.11 we have
(1) {˜x2} = {˜x3} = {x};
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(2) {˜xyx} = ˜{xy2x2y} = ˜{xy, yx2} = ˜{x2y3, x3y2} = ˜{x2yxy2, xy4xy} = {x, y};
(3) {˜xyxy} = {xy};
(4) ˜{xyx2y2, x2y2xy} = {xy, x2y2}.
Combining Theorem 4.23 and Proposition 4.24, we get
Theorem 4.26. Let A be a free graded algebra, let X ⊂ A∗ be a subset and x ∈ A∗ be an
element. Let X˜ ⊂ A∗ be the good set constructed in Proposition 4.24. Then
A/xA ∈ 〈A/yA〉y∈X
if and only if
x = λ ·
n∏
i=1
yi for some λ ∈ k
∗, yi ∈ X˜ and n > 0.
Corollary 4.27. Let A be a free graded algebra. For any family X ⊂ A∗ the category
〈A/xA〉x∈X is not equal to all Perf A.
Proof. Let X˜ be the good set from Proposition 4.24. It suffices to check that A /∈
〈A/xA〉x∈X = 〈A/xA〉x∈X˜ . By Lemma 4.20, it suffices to check that A admits no X˜ -
filtration. Indeed, all homomorphisms A/xA[d]→ A of graded A-modules are zero. 
5. Lattice of subcategories
As usual, we denote by RN the algebra k[y1, . . . , yN ]/(y1, . . . , yN)
2.
In this section we discuss some properties of lattice of thick triangulated subcategories
in Db(RN−mod) and compare it to ones for artinian complete intersections studied in
[CI15]. The following statement is an easy corollary of Theorem 1.3.
Proposition 5.1. Let R be a complete intersection ring of dimension zero (see Theo-
rem 1.3). Then the lattice L(R) of nonzero finitely generated thick triangulated subcate-
gories in Db(R−mod) has the following properties:
(1) L(R) satisfies the descending chain condition;
(2) there exists the least element Perf R in L(R), let us call minimal elements in
L(R) \ {Perf R} almost minimal;
(3) let T1, T2 ∈ L(R) be almost minimal. Then there exists finitely many (in fact, only
four) elements in L(R) bounded above by 〈T1, T2〉 (that is, only four subcategories
in 〈T1, T2〉): Perf R, T1, T2, 〈T1, T2〉.
Proof. By Theorem 1.3, L(R) is isomorphic to the lattice L of nonempty closed sub-
sets in Spec∗ k[θ1, . . . , θr]. Hence it suffices to check the statements for L. Note that
Spec∗ k[θ1, . . . , θr] is just Pr−1k with one “very special” point x0 (corresponding to the
augmentation ideal of k[θ1, . . . , θr]) attached.
(1) holds because Spec∗ k[θ1, . . . , θr] is a Noetherian topological space. The least element
in L is {x0}, almost minimal elements in L are {x0, P} where P ∈ Pr−1k is a closed point.
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For P1 6= P2 ∈ Pr−1k there are only four closed subsets in {x0, P1, P2} = {x0, P1} ∪
{x0, P2}, and (3) holds. For (2) it remains to note that Perf R is a minimal nonzero
thick triangulated subcategory in Db(R−mod) by Theorem 1.1, hence Perf R is the least
one. 
For the category Db(RN−mod) that we study, the picture is completely different. For
example, the subcategory Perf RN is far from being the least.
Theorem 5.2. Let R = RN = k[y1, . . . , yN ]/(y1, . . . , yN)
2, let T ⊂ Db(R−mod) be a thick
triangulated subcategory. Then the following conditions are equivalent
(1) T = Db(R−mod);
(2) T ∋ k;
(3) T ! Perf R;
(4) T ∩ Perf R 6= 0 and T 6⊂ Perf R;
If T = 〈M〉 for an object M ∈ Db(RN−mod) then the above conditions are equivalent to
(5) the dg algebra EndR(M) is smooth over k and M 6= 0.
Proof. Recall (see Section 2) that there is an equivalence K ′ : Db(R−mod) → (Perf A)op
(where A is a free graded algebra) which maps Perf R to Dfd(A) ⊂ Perf A. Now the
statement follows from Proposition 5.3. 
Proposition 5.3. Let A be a free graded algebra, let T ⊂ Perf A be a thick triangulated
subcategory. Then the following conditions are equivalent
(1) T = Perf A;
(2) T ∋ A;
(3) T ! Dfd(A);
(4) T ∩Dfd(A) 6= 0 and T 6⊂ Dfd(A);
If T = 〈M〉 for an object M ∈ Perf A then the above conditions are equivalent to
(5) the dg algebra EndA(M) is smooth over k and M 6= 0.
Proof. (1) ⇐⇒ (2) is evident.
(1) =⇒ (3) =⇒ (4) is clear.
(4) =⇒ (3) follows from Theorem 1.1. Indeed, the intersection T ∩Dfd(A) corresponds
under equivalence K ′ to some nonzero thick triangulated subcategory in PerfX . Since X
is a point (as a topological space) it follows that this subcategory is all PerfX . Therefore
T ⊃ Dfd(A).
(3) =⇒ (2) follows from Lemma 3.6. Take an object M ∈ T , M /∈ Dfd(A). By
Proposition 3.2 we can assume that M is a graded A-module satisfying assumptions of
Lemma 3.6. Hence there exists a free submodule F ⊂ M such that M/F ∈ Dfd(A) ⊂ T .
Since M /∈ Dfd(A), we get that F is nonzero. As M/F ∈ T we deduce that F ∈ T . Since
the subcategory T is thick and triangulated it follows that A ∈ T .
(1) =⇒ (5) follows from the fact that a dg enhancement of Db(R−mod) is a smooth dg
category, see [LS16, Theorem 1.3] or [ELS18, Theorem A].
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(5) =⇒ (1) follows from [EL18]. Indeed, if the dg algebra EndA(M) is smooth then the
category 〈M〉 has a strong generator (see for example Lemma 3.5 and 3.6 in [Lu10]). It
follows then from [EL18, Theorem 1] that 〈M〉 = 0 or Perf A. 
Proposition 5.4. Let RN = k[y1, . . . , yN ]/(y1, . . . , yN)
2, N > 2. The lattice L(RN)
of nonzero finitely generated thick triangulated subcategories in Db(RN−mod) has the
following properties:
(1) L(RN) does not satisfy the descending chain condition.
(2) There exists no least element in L(RN). Category Perf RN is minimal and almost
maximal in L(RN): there are no elements between Perf RN and D
b(RN−mod).
(3) There exist minimal elements T1, T2 ∈ L(RN) such that there are infinitely many
elements bounded above by 〈T1, T2〉 (that is, infinitely many subcategories in 〈T1, T2〉).
To prove Proposition 5.4 we need the following Lemma.
Lemma 5.5. Let Λ be a graded rigid UFD. Suppose that elements a 6= b ∈ Λ form a good
set {a, b} (see Definition 4.10) and l(a) = l(b) (see Definition 4.4). Then the set
{aba8b8, a2b2a7b7, a3b3a6b6, a4b4a5b5}
is also good, its four elements are different and
l(aba8b8) = l(a2b2a7b7) = l(a3b3a6b6) = l(a4b4a5b5) = 18 · l(a).
Proof. First, a 6= b implies that the four elements aba8b8, a2b2a7b7, a3b3a6b6, a4b4a5b5 are
different by Lemma 4.13. Now suppose x, y ∈ {aba8b8, a2b2a7b7, a3b3a6b6, a4b4a5b5} and
x = cp, y = qc. Assume that c is not a unit, then 0 < l(c). Consider two cases: l(a)|l(c)
or not.
If l(a)|l(c) then c is associated with some left submonomial m1 in x by Lemma 4.8.
Similarly, c is associated with some right submonomial m2 in y. Hence, monomialsm1, m2
in variables a, b are associated and by Lemma 4.13(2) m1 = m2 as monomials. It follows
that a and b occur in m1 = m2 in equal quantity. It is possible only if m1 = a
ibi for
1 6 i 6 4 or m1 = x. Similarly, m2 = a
ibi for 5 6 i 6 8 or m2 = y. Therefore
m1 = m2 = x = y, p, q are units and we are done.
Now suppose l(c) is not divisible by l(a). Then by Lemma 4.8 we have c = m1z1 where
m1 is a monomial in a, b and z = z1z2 with z = a or b and 0 < l(z1) < l(a). Hence
y = qc = qm1z1. Again by Lemma 4.8 we have b = b1z1 for some b1. Decompositions
z = z1z2, b = b1z1 contradict to goodness of {a, b}.
The equalities of lengths are trivial. 
Example 5.6. Let A = k{x1, . . . , xN} be the free algebra with N > 2. Denote a1 =
x1, b1 = x2 and define inductively ak, bk by the rule
ak+1 = akbka
8
kb
8
k, bk+1 = a
3
kb
3
ka
6
kb
6
k.
By Lemma 5.5 we get that all sets {ak, bk} are good and l(ak) = l(bk) for all k. Using
Theorem 4.23, we see that Mak+1 ,Mbk+1 ∈ 〈Mak ,Mbk〉 while Mak ,Mbk /∈ 〈Mak+1,Mbk+1〉
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for any k > 1. Thus we get an infinite chain of thick triangulated subcategories
Perf A ⊃ 〈Ma1 ,Mb1〉 ! 〈Ma2 ,Mb2〉 ! 〈Ma3 ,Mb3〉 ! . . .
Proof of Proposition 5.4. We may identify the categories Db(R−mod) and (Perf A)op via
the equivalence K ′ : Db(R−mod) → (Perf A)op. For (1), consider the descending chain
from Example 5.6. For (2), note that 〈Mx1〉 and 〈Mx2〉 are minimal elements of L(RN)
by Proposition 4.22 and 〈Mx1〉 6= 〈Mx2〉 by Theorem 4.23. Therefore L(RN) has no
least element. Category Perf RN is minimal by Theorem 1.1 and almost maximal by
Theorem 5.2. For (3) take T1 = 〈Mx1〉, T2 = 〈Mx2〉, see Example 5.6. 
We can strengthen Example 5.6 by constructing a descending binary tree of embedded
subcategories.
Definition 5.7. Let T be an additive category. By a binary tree of full subcategories in
T we mean a family of nonzero full subcategories Tε ⊂ T indexed by nodes of an infinite
descending binary tree such that
• Tε ⊂ Tδ if and only if ε is a successor of δ,
• Tε ∩ Tδ = 0 if ε and δ are not successors of one another.
Lemma 5.8. Let A be a free graded algebra, let X ,Y ⊂ A∗ be subsets such that X ∩Y = ∅
and X ∪ Y is good. Assume M,N are graded A-modules, M has an X -filtration and N
has a Y-filtration. Then Homgrmod−A(M,N) = 0.
Proof. The proof is by induction in the total length of filtrations of M and N . The base
is by Lemma 4.15: Homgrmod−A(A/xA[i], A/yA[j]) = 0 for any x ∈ X , y ∈ Y and i, j ∈ Z.
The induction step follows from long exact sequences of Extgrmod−A groups. 
Let A be a free graded algebra. For any ordered pair P = (a, b) ∈ A∗ ×A∗ denote
P+ = (a+, b+) := (aba8b8, a2b2a7b7), P− = (a−, b−) := (a3b3a6b6, a4b4a5b5).
For any pair of elements in A∗ denote
T(a,b) := 〈Ma,Mb〉 ⊂ Perf A.
Lemma 5.9. Let A be a free algebra. For any good pair P = (a, b) of homogeneous
elements with l(a) = l(b) > 0 we have
(5.1) TP ⊃ TP+ , TP−, TP+ ∩ TP− = 0.
Proof. By Lemma 5.5 the sets P+, P− are good. By Theorem 4.23 we have
Ma+ ,Mb+ ,Ma− ,Mb− ∈ 〈Ma,Mb〉
hence the inclusion in (5.1) holds. Assume now thatM ∈ TP+∩TP− for someM ∈ Perf A.
By Proposition 3.2, we can assume that M is a graded A-module. By Lemma 4.20, M
has both {a+, b+} and {a−, b−}-filtrations (see Definition 4.16). It follows now from
Lemma 5.8 that M = 0, since the set {a+, b+, a−, b−} is good by Lemma 5.5. 
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Theorem 5.10. Let A = k{x1, . . . , xN} be a free algebra with N > 2. Then there exists
an infinite descending binary tree of thick triangulated finitely generated subcategories in
Perf A.
Proof. Starting with P = (x1, x2), we iterate the construction from Lemma 5.9. For any
sequence ε = (ε1, . . . , εn) where εi ∈ {+,−} we define
P ε1...εn := (P ε1...εn−1)εn.
Applying Lemma 5.5, we see that for any ε the pair P ε is good. By Lemma 5.9, the
categories TP ε organize into a binary tree in the sense of Definition 5.7: TP ε ⊂ TP δ if and
only if ε starts with δ, and the categories from different branches of the tree intersect by
zero.
TP
❊❊
❊❊
❊❊
❊❊
②②
②②
②②
②②
TP+
✈✈
✈✈
✈✈
✈✈
✈
TP−
❍❍
❍❍
❍❍
❍❍
❍
TP++ TP+− . . . TP−+ TP−−

6. Localizations of a free algebra and subcategories in Perf A
6.1. Localizations of noncommutative rings. We recall here the definition and the
construction of localization of a noncommutative graded ring. We refer to [Co71] or to
[CY15] for the graded case.
Let Λ be a graded ring. Let g : F1 → F0 be in Homff(Λ) and φ : Λ→ Ω be a homomor-
phism of graded rings. We say that φ inverts g if the scalar extension F1⊗ΛΩ
g⊗1
−−→ F0⊗ΛΩ
is an isomorphism. We say that φ inverts a family S ⊂ Homff(Λ) if φ inverts all g ∈ S.
By definition, a graded localization (or a graded universal localization) of Λ by S is
a graded ring Λ[S−1] together with a homomorphism of graded rings λS : Λ → Λ[S
−1]
inverting S such that any graded ring homomorphism φ : Λ → Ω inverting S factors
uniquely through λS :
Λ
λS
//
φ
❂
❂❂
❂❂
❂❂
❂ Λ[S
−1]
||①
①
①
①
①
Ω
By definition, localization is unique up to an isomorphism. Localization can be con-
structed explicitly as follows. For any g : F1 → F0 in S choose bases of free graded modules
F1, F0. Then F1 = ⊕
n
j=1Λ[cj ], F0 = ⊕
m
i=1Λ[di] and g is given by a matrix G ∈ Matm×n(Λ)
where Gij ∈ Λdi−cj . Consider the n × m matrix t
g whose components are homogeneous
formal variables tgij , i = 1 . . . n, j = 1 . . .m with deg t
g
ij = − degGji = ci − dj . Consider
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the graded ring Λ{tgij}g∈S freely generated over Λ by all variables t
g
ij. Take the quotient
of Λ{tgij}g∈S modulo all relations of the form G · t
g = 1, tg · G = 1 (where 1 denotes the
square identity matrix of appropriate size and the given matrix relations read as a series
of relations on entries). Then this quotient is the localization Λ[S−1] of Λ by S.
The localization Λ[S−1] can be the zero ring; it is non-zero if and only if there exists at
least one homomorphism Λ→ Ω to a non-zero ring Ω, inverting S.
As a special case, one can consider a homomorphism of free graded modules of rank one.
Such a homomorphism g : Λ[c]→ Λ[d] is given by multiplication by an element a ∈ Λd−c.
A homomorphism φ : Λ→ Ω of graded rings inverts g if and only if φ(a) is invertible in Ω.
Thus we get localizations of graded rings over families of homogeneous elements.
In the commutative world only square matrices can be inverted; a square matrix is
inverted iff its determinant is inverted; an element can be inverted (in a nonzero ring) iff it
is not nilpotent. In the noncommutative world the questions are much more complicated.
First, non-square matrices can be invertible:
Example 6.1. Let A = k{x, y} be the free algebra in two variables. Let G = (x y) be a
1× 2 matrix over A. Then the localization A[G−1] is the quotient algebra
A{t1, t2}/(xt1 + yt2 − 1, t1x− 1, t1y, t2x, t2y − 1).
Let C = Endk(V ) where V is an infinite-dimensional k-vector space. There is an isomor-
phism V ∼= V ⊕ V . Therefore, there is an isomorphism
C = Hom(V, V ) ∼= Hom(V, V ⊕ V ) = Hom(V, V )⊕Hom(V, V ) = C ⊕ C,
which is an isomorphism of right C-modules. It follows that there exists an invertible
1 × 2 matrix over C. Consequently (as A is free), there exists a homomorphism A → C
sending G to an invertible matrix. Thus A[G−1] is a non-zero ring.
The localization of a ring without zero divisors can have zero divisors as the following
example demonstrates.
Example 6.2. Let A = k{x, y} be the free algebra. Let
e := y(xy)−1x ∈ A[(xy)−1].
Then e 6= 1 in A[(xy)−1]. Otherwise we have x(y(xy)−1) = 1 and (y(xy)−1)x = 1, hence
x is invertible in A[(xy)−1], what contradicts Theorem 7.1. Thus e 6= 1.
But x(e− 1) = x(y(xy)−1x− 1) = x−x = 0 and similarly (e− 1)y = 0. Hence x, y and
e− 1 are zero divisors in A[(xy)−1].
Moreover, e2 = e in A[(xy)−1].
The localization functor in general rings is not exact, in contrast to commutative case.
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Lemma 6.3. Let a1, a2, a3 ∈ Λ be homogeneous elements of a graded ring Λ. Then one
has isomorphisms of graded rings
Λ[(a1a2a1)
−1] ∼= Λ[a−11 , a
−1
2 ];
Λ[(a1a2)
−1, (a2a3)
−1] ∼= Λ[a−11 , a
−1
2 , a
−1
3 ].
Proof. This follows from the universal property of graded localizations and from the fol-
lowing observations: (1) an element a1a2a1 in a ring is invertible if and only if both a1
and a2 are invertible; (2) elements a1a2, a2a3 are invertible if and only if all a1, a2 and a3
are invertible. 
6.2. Subcategories as kernels of scalar extensions. Let A be a free graded algebra.
Let T = 〈Mg〉g∈S be the thick triangulated subcategory of Perf A classically generated
by a family of dg modules Mg for some set of homomorphisms S ⊂ Homff(A). Denote
by T ⊂ D(A) the localizing subcategory generated by the same family of dg modules
Mg, g ∈ S (i.e. T is the minimal triangulated subcategory of D(A) which is closed under
arbitrary direct sums and contains each object Mg, g ∈ S). By Theorem 2.1 in [Ne92b]
the Verdier localization functor
q : D(A)→ D(A)/T
maps Perf A to the subcategory (D(A)/T )c of compact objects and induces the full and
faithful functor
e : (Perf A)/T → (D(A)/T )c
which is the idempotent completion.
On the other hand the set S ⊂ Homff(A) gives rise to the universal localization ring
homomorphism
λS : A→ A[S
−1]
and hence induces the functor of extension of scalars
λ∗S : D(A)→ D(A[S
−1]), Perf A→ Perf A[S−1]
The next proposition and its proof are essentially taken from [NR04].
Proposition 6.4. In the above setup there exists a triangulated functor t : D(A)/T →
D(A[S−1]) such that the diagram of functors
D(A)
λ∗
S
//
q
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
D(A[S−1])
D(A)/T
t
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧
commutes. Moreover, t is an equivalence.
DERIVED CATEGORIES OF ZERO-DIMENSIONAL SCHEMES 25
This induces a commutative diagram of functors
Perf A
λ∗
S
//
q
))❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘ Perf A[S
−1],
(Perf A)/T
t
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
where t is the idempotent completion. In particular, T = ker λ∗S .
Proof. The second part of the proposition follows from the first one in view of Theorem
2.1 in [Ne92b].
To show the existence of the functor t it suffices to prove that T ⊂ ker λ∗S . Note that
T ⊂ ker λ∗S by the definition of the ring A[S
−1]. Also note that the functor λ∗S preserves
arbitrary direct sums. Hence T ⊂ ker λ∗S . This proves the first assertion. It remains to
show that t is an equivalence. This will take a few steps.
First, recall the isomorphism of graded algebras A = End•D(A)(A) which is given by
a 7→ (la : A→ A), the left multiplication by a. The functor q induces the homomorphism
of graded rings
φ : A = End•D(A)(A)
q
→ End•
D(A)/T
(q(A)) =: B
This gives B the structure of a graded A-module (via b · a := b ◦ q(la)), hence we may
consider B as an object in D(A). Note that the ring homomorphism φ above is also a
morphism of graded A-modules. Recall (see [Ne92b, Lemma 1.7]) that the localization
functor q : D(A) → D(A)/T has a full and faithful right adjoint r : D(A)/T → D(A)
(here it is important that we have passed to unbounded derived categories). Denote by
ηA : A → rq(A) the corresponding adjunction morphism in D(A). By Proposition 3.2,
dg module rq(A) is quasi-isomorphic to its cohomology graded module, therefore we can
assume that rq(A) is just a graded A-module. Moreover, we have
(6.1) Hom•D(A)(A, rq(A)) = Hom
•
grmod−A(A, rq(A))
since A is h-projective.
Lemma 6.5. In the above notation there exists a morphism ψ ∈ Homgrmod−A(B, rq(A))
such that ψ ◦ φ = ηA. Moreover, ψ is an isomorphism.
Proof. We define ψ as the composition of the maps
B = Hom•
D(A)/T
(q(A), q(A))
ψ1
−→ Hom•D(A)(A, rq(A)) = Hom
•
grmod−A(A, rq(A))
ψ2
−→ rq(A),
where ψ1 is given by adjunction, ψ1(b) = r(b) ◦ ηA and ψ2(f) = f(1). Clearly ψ1, ψ2
and ψ are isomorphisms of graded vector spaces. Let us prove that ψ is a morphism of
right A-modules. Because η is a morphism of functors we have the commutative diagram
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in D(A)
(6.2) A
la
//
ηA

A
ηA

rq(A)
rq(la)
// rq(A).
Let b ∈ B, a ∈ A. We have
ψ(b · a) = (r(b · a) ◦ ηA)(1) by definition of ψ
= (r(b ◦ q(la)) ◦ ηA)(1) by definition of b · a
= (r(b) ◦ rq(la) ◦ ηA)(1) since r is a functor
= (r(b) ◦ ηA ◦ la)(1) by (6.2)
= (r(b) ◦ ηA)(la(1)) since r(b) ◦ ηA and la are homomorphisms of modules by (6.1)
= (r(b) ◦ ηA)(1 · a)
= ((r(b) ◦ ηA)(1)) · a as r(b) ◦ ηA is a homomorphism of A-modules
= ψ(b) · a by putting a = 1 in the above equalities.
It remains to show that ψ ◦ φ = ηA. Because all the maps φ, ψ, ηA are morphisms of
right A-modules it suffices to note that
ψ(φ(1)) = ψ(1q(A)) = (r(1q(A)) ◦ ηA)(1) = ηA(1).
This proves Lemma 6.5. 
The functor t maps q(A) ∈ D(A)/T to A[S−1] ∈ D(A[S−1]). This gives the graded ring
homomoprhism
µ : B = End•(q(A))→ End•(A[S−1]) = A[S−1]
such that the diagram
(6.3) A
λS
//
φ
&&▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
A[S−1].
B
µ
77♥♥♥♥♥♥♥♥♥♥♥♥♥
commutes.
Lemma 6.6. The homomorphism µ is an isomorphism.
Proof. It suffices to check that the homomorphism φ : A→ B is the universal localization
with respect to the set S. That is given a homomorphism of graded ring f : A → C
which inverts the set S we need to show that there exists a unique ring homomorphism
f ′ : B → C such that f ′ · φ = f .
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Since f inverts S the induced functor f ∗ : D(A)→ D(C) annihilates all modulesMg for
g ∈ S. Hence T ⊂ ker f ∗. Also f ∗ commutes with direct sums, so T ⊂ ker f ∗. Therefore
the functor f ∗ factors as
(6.4) f ∗ = w · q
for some functor w : D(A)/T → D(C). Since w(q(A)) = C this gives the required ring
homomorphism
f ′ : B = End•(q(A))
w
→ End•(C) = C
such that f ′ · φ = f . It remains to prove the uniqueness of f ′.
We consider B and C as graded right A-modules via the homomorphisms φ : A → B
and f : A → C respectively. A ring homomorphism f ′ : B → C such that f ′ · φ = f is
in particular a homomorphism of right graded A-modules. Hence it suffices to prove that
the map induced by φ:
Hom•D(A)(B,C)→ Hom
•
D(A)(A,C)
is bijective. By Lemma 6.5 the morphism φ ∈ HomD(A)(A,B) is isomorphic to the ad-
junction morphism
ηA : A→ rq(A)
The cone Cone(ηA) of the adjunction map ηA lies in the kernel T of the localization
functor q. Hence by (6.4) Cone(ηA) also lies in the kernel of the functor f
∗ : D(A) →
D(C). It follows by standard adjunction that
Hom•D(A)(Cone(ηA), C) = Hom
•
D(C)(f
∗Cone(ηA), C) = 0,
and so the map induced by ηA
Hom•D(A)(rq(A), C)→ Hom
•
D(A)(A,C)
is bijective. This proves the lemma. 
Now we can complete the proof of Proposition 6.4. It remains to show that the functor
t : D(A)/T → D(A[S−1])
is an equivalence.
First we claim that t preserves arbitrary direct sums. Indeed, we know that q and
λ∗S preserve direct sums (q preserves direct sums by Lemma 1.5 in [NB93] since T is
localizing). Also the functor q is essentially surjective, and the statement follows since
t ◦ q ∼= λ∗S . The categories D(A)/T and D(A[S
−1]) have compact generators q(A) and
A[S−1] respectively and by Lemma 6.6 the functor t induces the ring isomorphism
µ : End•(q(A))
∼
→ End•(A[S−1])
We now prove that t is full and faithful. Let
P = {X ∈ D(A)/T | t : Hom•(q(A), X)→ Hom•(tq(A), tX) is an isomorphism}
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Then P is a full triangulated subcategory ofD(A)/T which contains q(A) (by Lemma 6.6).
Since the objects q(A) and tq(A) are compact and the functor t preserves direct sums, it
follows that P is closed under direct sums. Hence P = D(A)/T .
Now define
Q = {Y ∈ D(A)/T | t : Hom•(Y,X)→ Hom•(tY, tX) is an isomorphism for all X ∈ D(A)/T}
This is a full triangulated subcategory of D(A)/T which contains q(A) and is closed under
direct sums (because t preserves direct sums). Thus Q = D(A)/T and so the functor t
is full and faithful. Finally notice that the essential image of t contains the compact
generator A[S−1] and is closed under arbitrary direct sums. So t is essentially surjective.
This finishes the proof of Proposition 6.4. 
Remark 6.7. Proposition 6.4 can also be deduced from [CY15, Prop. 3.5]. In the setup of
this Section, let T⊥ ⊂ D(A) be the right orthogonal subcategory. Then [CY15, Prop. 3.5]
states that the scalar restriction functor D(A[S−1]) → D(A) restricts to an equivalence
D(A[S−1])
∼
−→ T⊥. Since T ⊂ D(A) is a localizing compactly generated subcategory, we
get a semi-orthogonal decomposition D(A) = 〈T⊥, T 〉 and our Proposition 6.4 follows.
Note that the scalar restriction functor D(A[S−1])→ D(A) does not preserve compact
objects and thus [CY15, Prop. 3.5] has no analogs for the categories Perf.
Definition 6.8. Let φ : Λ → Ω be a homomorphism of graded k-algebras. Consider the
extension of scalars functor φ∗ : Perf Λ → Perf Ω and put Tφ := ker φ
∗. It is a thick
triangulated subcategory in Perf Λ.
Corollary 6.9. Let A be a free graded algebra. Then any full thick triangulated subcate-
gory in Perf A is of the form Tφ for some graded algebra homomorphism φ : A→ B.
Proof. By Corollary 3.5 every object in T is isomorphic to Mg for some g ∈ Homff(A)
(Definition 3.4). Let
S = {g ∈ Homff(A) |Mg ∈ T}
Then T = 〈Mg〉g∈S (clear) and by Proposition 6.4 T = TλS for the localization homomor-
phism λS : A→ A[S
−1]. 
Remark 6.10. Note that φ is not uniquely defined by Tφ.
Corollary 6.11. Let A be a free graded algebra, and let S ⊂ Homff(A) be a family of
homomorphisms. Then for any x ∈ Homff(A) we have Mx ∈ 〈Mg〉g∈S if and only if x is
invertible over A[S−1].
Proof. By Proposition 6.4,Mx ∈ 〈Mg〉g∈S if and only if the scalar extension Mx⊗AA[S
−1]
is a zero object of Perf A[S−1] which happens if and only if x is invertible over A[S−1]. 
Corollary 6.12. Let A be a free graded algebra, let S ⊂ Homff(A) be a family of ho-
momorphisms. Then 〈Mg〉g∈S = Perf A if and only if the localization A[S
−1] is the zero
ring.
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Proof. One has
〈Mg〉g∈S = Perf A⇐⇒ A ∈ 〈Mg〉g∈S ⇐⇒ A ∈ ker λ
∗
S ⇐⇒ A[S
−1] = 0 ∈ Perf A[S−1]⇐⇒
⇐⇒ A[S−1] is a zero ring,
where λ∗S : Perf A → Perf A[S
−1] denotes the scalar extension functor and the second
equivalence is by Proposition 6.4. 
7. Some applications
Now we get some applications to pure algebra. We do not know if these results can be
deduced directly.
Theorem 7.1. Let A be a free graded algebra. Let X ⊂ A∗ be a subset. Let X˜ ⊂ A∗ be
the family provided by Proposition 4.24, in particular, one can take X˜ = X if X is good.
Then a homogeneous element x ∈ A is invertible in A[X−1] if and only if
x = λ ·
n∏
i=1
yi for some λ ∈ k
∗, yi ∈ X˜ and n > 0.
Proof. Follows from Corollary 6.11 and Theorem 4.26. 
Corollary 7.2. Let A be a free graded algebra. Let X ⊂ A be a family of nonzero
homogeneous elements. Then the localization A[X−1] is not a zero ring, moreover, the
canonical map
A→ A[X−1]
is injective.
Proof. It suffices to check the statements for X = A∗ being the set of all nonzero homo-
geneous elements in A. Indeed, the localization A→ A[(A∗)−1] factors through any other
localization A→ A[X−1]. So we assume X = A∗.
By Corollary 6.12, if the ring A[(A∗)−1] is zero then the modules A/xA, x ∈ A∗, generate
the category Perf A. This contradicts Corollary 4.27.
Thus the ring A[(A∗)−1] is nonzero. Consequently, the localization homomorphism
f : A → A[(A∗)−1] is injective: f(a) is invertible in A[(A∗)−1] for any a ∈ A∗, hence
f(a) 6= 0. 
Example 7.3. Let A = k{x, y, . . .} be a free graded algebra.
(1) Let g = x or xy. Then the only elements in A that are invertible in A[g−1] are
powers of g (up to scalars).
(2) Let g = xyx. Then all monomials in x and y are invertible in A[g−1].
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8. Support
In this final section we introduce a notion of support for an object in Perf A, which
sometimes helps to distinguish between different subcategories in Perf A.
Let Aab be the quotient of A modulo its commutator ideal, clearly Aab is the graded
polynomial algebra k[x1, . . . , xN ]. Consider ProjA
ab ∼= PN−1 — the set of prime homo-
geneous ideals in Aab different from the augmentation ideal. ProjAab is equipped with
Zariski topology. For a graded Aab-module N its support is defined as the set of all
p ∈ ProjAab such that the homogeneous localization Np is nonzero. Then the support of
a finitely generated module is closed in Zariski topology.
For an object M ∈ Perf A consider its abelianization Mab = M ⊗LA A
ab. Cohomology
of Mab is a graded finitely generated Aab-module. Define the support SuppM ⊂ ProjAab
as the support of H(Mab), it is a Zariski closed set.
Lemma 8.1. The following readily holds:
(1) SuppM = SuppM [n] for any M ∈ Perf A and n ∈ Z;
(2) for a distinguished triangle M1 →M2 →M3 → M1[1] in Perf A one has
SuppM2 ⊂ SuppM1 ∪ SuppM3;
(3) for any N ∈ 〈M〉 ⊂ Perf A one has SuppN ⊂ SuppM .
Lemma 8.2. Let M ∈ Perf A be a nonzero object. Then SuppM 6= ∅ and
codim SuppM 6 1.
Moreover, if M = Cone(F1 → F0) where F0 and F1 are free A-modules and rankF0 6=
rankF1 then SuppM = PN−1.
Proof. By Corollary 3.5, M is quasi-isomorphic to MG = Cone(F1
G
−→ F0) for some
morphism between free A-modules of finite rank F0 and F1, given by a matrix G ∈
Homff(A). ThenM
ab = Cone(F ab1
Gab
−−→ F ab0 ), where F
ab
0 , F
ab
1 are free graded k[x1, . . . , xN ]-
modules. One hasH(Mab) = ker(Gab)[1]⊕coker(Gab). If Gab is not injective then ker(Gab)
is torsion-free and thus SuppM = PN−1. If Gab is injective then pd cokerGab 6 1 and
thus codimSuppM = codimSupp cokerGab 6 1 (see for example [Ei95, Cor. 18.5 and
Th. 18.7]).
To see that the support ofM is non-empty, note that the free graded modules F0 and F1
are not isomorphic. Hence the free graded modules F ab0 and F
ab
1 also are not isomorphic
and H(Mab) 6= 0.
For the last statement, note that the localization of Gab at the generic point η ∈ ProjAab
is not an isomorphism (as rankF ab0 6= rankF
ab
1 ). Therefore η ∈ SuppM and consequently
SuppM = ProjAab. 
For a homogeneous polynomial f ∈ k[x1, . . . , xN ] denote by Z(f) ⊂ PN−1 the zero locus
of f . It is a hypersurface provided that deg f > 0.
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Lemma 8.3. Let x ∈ A∗, let xab be its image in Aab. Then
SuppMx =
{
PN−1, if xab = 0;
Z(xab), if xab 6= 0.
Proof. Clear. 
Proposition 8.4. Let x, y ∈ A∗.
(1) Suppose Z(xab) 6⊂ Z(yab). Then Mx /∈ 〈My〉.
(2) Suppose yab 6= 0. Let M = Cone(F1 → F0) where F0, F1 are free A-modules and
rankF0 6= rankF1. Then M /∈ 〈My〉.
(3) Suppose Z(xab) ∩ Z(yab) has codim > 2 in PN−1. Then
〈Mx〉 ∩ 〈My〉 = 0.
Proof. (1) and (2) follow from Lemmas 8.1, 8.3 and 8.2. For (3), assumeM ∈ 〈Mx〉∩〈My〉
and M 6= 0. Then SuppM ⊂ SuppMx ∩ SuppMy = Z(x
ab) ∩ Z(yab) and thus SuppM
has codimension > 2. It contradicts to Lemma 8.2. 
Remark 8.5. Parts (1) and (2) of Proposition 8.4 can be proved without using sup-
ports. They follow from Corollary 6.11. Part (3) does not follow from Corollary 6.11 in
general. But in some cases (like x, y are good) part (3) follows from the minimality, see
Proposition 4.22.
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